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A Cartesian-tensor solution of the Brinkman equation
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Abstract. A method of solving the Brinkman equation, using Cartesian tensors, is developed. General expressions
for the velocity vector and the pressure, which can directly be used in situations where boundary conditions are
expressible in Cartesian-tensor form, are obtained. It is shown how the drag on a porous sphere can be directly
and easily calculated using this method.

1. Introduction

There are very few good model equations which give a faithful macroscopic description of
the flow in a porous medium. Basically, there have been differences of opinion as to which
is the most appropriate form of the equation of motion. While everyone recognizes the
limitations of Darcy’s law, there is no other equation in the literature which has been
unconditionally accepted by different authors. Thus there have been proposals to add
non-linear inertia terms, quadratic velocity terms, etc. in the equations of motion or to
employ Darcy’s law but to allow discontinuities in the fluid velocity at the surface of the
medium.

One equation which has gained considerable success, particularly when the motion is
slow, is the Brinkman equation [1]. It is believed that when the porosity is large, this
equation, which is obtained by adding a Laplacian term in velocity to Darcy’s law, gives
satisfactory results. By considering slow flow in random arrays of fixed spheres and for
suspensions, Howells [2] and Hinch [3], respectively, confirm the validity of the Brinkman
equation. There is also the experimental verification of this equation in the works of
Matsumoto and Suganuma [4], who measured the settling velocity of model flocs made of
steel wool.

In the present note we develop a general solution of the Brinkman equation, based upon
the use of Cartesian tensors. In essence it is an extension of the method developed earlier [5]
to study the viscous creeping-motion equation. An integral-equation approach, making use
of Green’s function for the Brinkman equation, has been discussed by Higdon and Kojima
[6]. It is believed that the solution obtained by the present method will be directly applicable
to porous-flow problems for which the boundary conditions are given in the Cartesian-
tensor form and to those that can easily be written in this manner. In the next section we
develop the solution based upon the use of arbitrary, spatially constant, second- and
third-order tensors. In this manner we are able to determine the general expressions for the
velocity and pressure field. To illustrate the use of the method, we apply it to find the drag
of a porous sphere in a single-fluid flow.
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2. Basic equations and their solution

We consider the velocity field satisfying the continuity equation
V-a = 0, 1)

and the Brinkman equation

—Vp + 4V = S @)

bl R~

Here @ is the volume average velocity, p the interstitial average pressure, u the viscosity of
the fluid and & the permeability of the porous medium. The above are four partial differential
equations for the four unknowns i and j. On taking the divergence of equation (2) and using
(1), it turns out that solving the above system is equivalent to finding the solution of the
equations

Vip = 0, 3)
Vzﬁ _ CZﬁ — Vp (4)

wherep = p~'pand C* = k~'. Once il is so determined we require it to satisfy equation (1).

We now generate solutions of the above system of equations which involve spatially-
constant second- and third-order tensors g, and b, respectively. Following [5], we write the
scalar invariants linear in g, and b;,, in combination with the position vector x, (r* = x,x;),
as

Qs Ep i Xy QX Xy D Xiy B Xy B Xy by X, %, X, (5)

ii s 5% %) > DipmXi > Dopim X s Dpmmi X5
On assuming the form of p(r) to be

p(r) = H(Na, + H'(Deaux, + H () by, x, + H (Db, x + H' (P b,,,x,
+ H(r)ayxx; + Ho(r)byx,x;x,, (6)

it is found from (3) that (cf. [5])

H'(r) = —1Bjr> + BYr/' + A) — 1 4°7,
H'() = Blr + Al

H*r) = —1BSr=° + Bir> + A} — 14},
H(r) = —1Br=° + Bjr> + A3 — 14%°,
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H) = —1Bir™ + Bir~ + A3 — 1437,
H(r) = Bir~° + 4j,
H®(r) = Bir7’ + 45, @)
where A4} and B/ are abitrary constants.

Equations (4) and (6) suggest that the velocity component of @ in the direction of x, can
be assumed to be of the form

ﬁp(r) = h?(r)aiixp + h{(r)sijkaijixp + h%(r)spjkakj + h%(r)bimmxixp + h%(r)bpmm
+ B(bpimx; X, + (b, + B ()b, x, X, + Kb, + K (a,x,x;x

SRR A 4

+ hg(’)a X + hg(r)ajpxj + h?(r)bljkxixjxkxp + hg(r)bpjkxjxk + hg(’)bjpkxjxk

fZa)
+ KN by, x; x, . ®

Substitution of (8) and (6) in equation (4) yields the following type of differential equations:

4 1
W)+~ (Y — CH = ~ (HY — 2H},
1\» 6 1y/ 2 pl 1 1y
WY+~ () — Chi = —(H'Y,
" 2 Y 271 1 1
(B + = (Y — Ch = H' — 24,

2
BY + () — CB = H — 2 — 2,

iy + Sy — ch = Be - 2, ©)

where the dashes denote differentiation with respect to the variable r.
We now consider the following equation,

YO + 2y - Cye) = 00 =1,23,4,5) (10)

and state some properties of the solutions of (10) which are used to construct the solutions
of equations (9).
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PROPERTY 1. If y,(r) satisfies (10) then y,, ,(r) = (1/r)(y,) satisfies

A Uk V
Yo+ —v

—Cl = 0. (11

PROPERTY 2. If y, , ,(r) satisfies equation (11), then y,, ,(r) also satisfies the inhomogeneous
equations

” 21 ’
e Cly = =2y, (12)

and

s 20=10
Yo+ =

- - Cy = =4y, 22 (13)

The proofs of the above properties can be verified by substitution of the appropriate
expressions in the above equations and rearranging the resulting terms.
Let o = Cr and y = up~'*'2 Equation (10) then becomes a modified Bessel equation,

d*u du
2 — _ [n2 _ 1) —
0 dgz +0 do [ + ( ) u 0, (14)

and admits ,_,,(¢) and 7_,,,;,(¢) as two linearly independent solutions. Therefore, it
follows that

y, = C21—1(Cr)—1+1/211_I/Z(Cr)’
yr o= C¥ N Cn)T TR (Cr) (15)
are two linearly-independent solutions of (10).

PROPERTY 3. For y, and y* as defined in (15), we have

1d 1d
Vg1 = ;a}’z(’), ya = ;a;)’z*(r)a (16)
and

d
rg )+ @+ Dy () = Cy.(n),

r%yl‘ﬂ(r) + @+ Dyr() = Cyro). (17)
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The verification of the above, by use of the properties of Bessel functions, is straightforward.
Making use of the above properties, we now write down the solutions of equations (9).

These are:

R =

hi(r) =

hy(r) =

hi(r) =

RO =

k() =

h(r) =

i) =

hy(r) =

hi(r) =

c

1 1 2
— GBI 4 G BT 4 o AT+ A (0) + AL() + BIO)

+ By yr (),

3
FBI‘FS + Ay yi(r) + By y¥(r),

1 1
e Bir—’ — F“” + Ay y,(r) + A3y, (r) + By y¥(r) + Biy¥),

1 3 2
— G BIrT + GBI 4 g A+ Aipa() + Ai()

+ B yi(r) + Biy¥(n),

1 1 1 1 ,
sE BT — GBI - G A+ S AT+ A3 + (4] + A0

+ Aiyi(r) + BSyf(r) + (B} + BY)y}(r) + Biyr(n),

1 1 2
— @B+ GBI 4+ s A+ ) + Aiys() + BIyE(O)
+ By (n),
1 6,5 3 3.-3 1 3 1 6.2 6 3 6
5C2 Bir— — ra Bir— — el A; + 302 Airt + A3 y3(r) + (43 + A y,(r)

+ Ain() + Byr(r) + (B + B)yi(r) + Biyr(n,

1 3 2
BirT + 53 Bir + g A5 4 A30() + A0,() + BSyr() + BIyt.

1 1 1 .,
Bir—? Bir — — Ay + —5 A1r + A yy(r) + (43 + 4Dy, (1)

5C? e C? 5C?

+ Ay () + ByF(r) + (BS + B)yi(r) + Biyt(n),

5
re Bir 7 + A3y,(r) + B} y}(r),
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: 1 1

mBr = — 3315"5 - 3/1? + A3 y3(r) + A3y, (r) + Biy¥(r) + B yX(r),
1 1

hr) = — 3315"5 - EAf + A3 y5(r) + A3y, (r) + By y¥(r) + By yF(r),

6 7 pe,-s 6 6 1, %

Hi(r) = EBI’ + Ajys(r) + B y¥(r),
1 1

) = — red Bfr~7 — e A} + A3y (r) + ASy,(r) + BSy,*(r) + BSy¥(n),
1 1

M) = — FB?F’ — ?A? + A5y, (r) + A3y;(r) + BSy¥(r) + BSy¥(r),
1 1

W = — e Bir7 — red A} + A5y (r) + ASyy(r) + BSyX(r) + BEy¥(r). (18)

The equation of continuity imposes the following restrictions upon the arbitrary constants:

A = 0, B = 0,
A3 + A3 B} + B}
C2 H 2 C2 ’
Al B;
A = — E;’ Bl = — o
A6__A§+A2+A§ B B} + B + B¢
y  _~7 2 - - /2
C? C?
A2 B;
Ag = - E) B; = - Ey—z',
Al B
Ag = - Ew—:’ Bg = - Z:._:,
Al B}
4 = — 3, B = -& (19)

When the changes made in (19) are introduced in (18), we find the final form of the
solutions to be

1 1 2 1 1
W) = — EBIS"—S + EB?’_S + FAf - E(Ag + AD () — E(Bf + B y¥(r),

1 1 1
h(r) = 3331""5 - EAQJG(’) - E‘zleJ/s(’),



A Cartesian-tensor solution of the Brinkman equation 183

1 1 1 .
RO = = B = Al = o A + AR — 0 + BIO)
11 1 1 11 1
h%(r) = e Bér—5 — I B2 -3 e A2 e Abrt — e (45 + AS + Ag)y3(r)
1
+ ( Yezl A2 + AG)yz(r) + Ay, (r) — CZ (B6 + BS + B)y¥(r)
1
+ (CZ B + B“) y3r) + Byt (),
2 1 r7 2,-5 21 6 6 6 1,
hi(r) = _?B +3ZTZB +§EA 2(A3+A4+A5)}’4(r)_EAZ}’s(r)
1 6 6 1 2 S,k
'CTE(Bs + By + Bs))’4 (r) — B4 (),
3 1 -7 3 s 21 6 6 6 1
hi(r) = _EB +FB +§ET2‘A Cz (A3 + A5 + A3) y,(r) —FAU’B(")
l 6 6 6 * 1
_E(Bs + By + Bs)yi(r) — 2 B4}’3 (),
1 _ 1 _ 1 11 N 1
m(r) = gzr Bir~? e Br~* EAS 52 Afr=? — rez (45 + 45 + A y;(r)
( - )yz(r) + A3y (r) — C2 (B + B{ + BS)y¥(r)
1
+ (B = @ B) 320 + Bt
4 1 6,—7 3 4,-5 21 6 6 6 1,
hi(r) = _?B +FB +§EA 2(A3+A4+A5)y4(r)——c—,5A4y3(r)
1 6 6 6 -, % 1 *
F(BS + By + Bs)yf(r) — —6.‘2‘34}’3 (r),
4 1 6,—5 1 4,-3 1 11 P 1 6 6 6
() = 307 Brr _FB —EA SEA F(A3+A4+A5)y3(r)

1 1
(A6 o )yz(r) + Ain() — = (B + By + B)yr()

1 .
+ (B = 2Bt ) 1) + B,
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R (r)

B = -

h(r) =

H(r) =

h3(r)

h3(r)

Ha(r)
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1 1

OP”——W+&MM & B + By,

1 5p=5 1 5 5 5 —1 ; ;
B - G+ A0 + By() - 5 4 —zw+BW®

+ Byt (),

1 1

1 1
— Bt — S A4 — — (4 + Ay () + Ay () — = (BS + B yi()
C C

C? C

+ By} (),

CZ

— Bir% — — (A6 + A + A)ys(r) — C2 (B3 + By + B5)y2(n),
1 6 p~7 1 6 6 6
EB - —C—ZA C2 (A5 + A5 + ADy.(r) + A5y, (r)

1
o (B + BY + B)yr(n) + By (),

1 1
FBG -7 E,—zAl C2 (A5 + A5 + ADy,(r) + A5y ()

C2 (BS + B{ + BY)yX(r) + B{y¥(r),

1 1
= Bér~7 FA6 (A6 + A5 + Ay (r) + Ay ()

1
o (B + BS + B3)yl() + By (). (20)

In the above equations, the functions y; and y* (i = 1, 2, 3, . . . ) are defined through
equation (15). We remark that constraints (19) do not suggest any changes in the form of
solution (7) for the pressure.

3. Hydrodynamic force on a porous sphere

As an application of the method described in the previous section, we now consider the flow
of a viscous fluid past a porous sphere. A solution to this problem when the flow, both inside
and outside of the sphere, is approximated by Stokes’ equation has been considered by
Lenov [7]. It is, however, now believed that, in order to describe more accurately the flow
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inside the porous sphere, Stokes’ equation should be replaced by Brinkman’s equation.
Theoretical justification supporting these views has been proposed by Howells [2], Hinch [3]
and many others. On the other hand, the indiscriminate use of this equation, for all
situations, has also been questioned. Here we consider the fluid outside the sphere to be a
Stokesian fluid with undisturbed velocity U far from the sphere. Inside the sphere we assume
that the average velocity and the pressure satisfy the Brinkman equation (2). With the
boundary conditions that both the velocity and surface forces be continuous across the
surface of the porous sphere we determine the velocity and pressure distributions both inside
and outside of the sphere. We then use these quantities to calculate the drag on the sphere.

For the Stokes flow outside the sphere we use the solution obtained in our previous paper
[5] and select the Cartesian-tensor form of the boundary conditions as

P = Gy, We = gpay = Ue,. 2n
It then follows that (c.f. egs. (20), (21) and (22) of [5])

P = p, + Air3Ux,, (22)

uP = (Ar~S 4 LA Uxx, + (1 — 1A + 34O US,, (= 1,2,3). (23)
where we have added the superscript (0) to denote quantities outside of the porous sphere.

For the fluid inside the sphere we will use the superscript (i). For the flow inside the porous
sphere we select

P = AUx, 24
) = — %/I%prc, + [— Lz A — -1—2 Ay, (r) + /ﬂyl(r)] Uds, (I =1,2,3).
C C C
(25)
On redefining the four constants appearing in the above equation as
A = A4, B = A, D = A4, E = A4, (26)

we can write the expressions in component form:
p© = Br73Ux,,
U = (EAr* + Br-' + 1) Ucos 6,
W = $4r? —1Br-' — 1)Usin 6,
uP = 0,

p(l) = D Ux3 Py
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1

, 2
ud = [_ roi D + o Eyz(r):l U cos 0,

, 1 1 .
up = [? D + Yo Ey,(r) — Ey, (r)j' Usin 0,

u) = 0. @7)

On applying the boundary conditions that the velocity and the stress component be con-
tinuous across the surface of the porous sphere (r = a) we get

1 2
24+ B +a@ = — FD(? + FE(fyz(a),
1 1
14 - 1Ba* - & = Yo Da® + EiEa3y2(a) — Ed’y,(a),
2 5 4 5
—44 — 3Ba* = —Da + z,—zEa ys(a),
1 1 2
—$4 — 1B — & = Yoz Da® + red Ed’y,(a) — red Edy,(a) — Ed’y,(a). (28)

On solving this system of equations we obtain

3
A = [Fa’yz(a) + 3 y(a) — @'y, (a)] E,

B = —dy(dE,
D = _yZ(a)Es
3 -1
E = 33 [F ay,(a) + 2a°y,(a) + 2a°y, (a):l . (29)

We note that in writing (29) we have also used the result that @’ y;(a@) + 34’ y,(a) = C*@y,(a).
Furthermore, we also want to emphasize that a variation in the boundary conditions will
result in the different values of the constants. When constants determined in (29) are
employed in (27), we get the complete expressions for the pressure and the velocity distribu-
tion.

In order to determine the drag on the porous sphere, which will be directed along the
symmetrical axis, we need to calculate

D = 2nd jﬂ" (1, cos 0 — 1, sin 0) sin 6 d. (30)
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On calculating the expressions for the stresses in spherical polar coordinates, by using (26),
we find

D = —4nuUB GD

where

o=~ E L T3 st 2@ + 2@ (32)
@ = dn@ & ey

Equations (31) and (32) thus give

3 »n@71!
— 124 L s 3 1@
D 12a 1t;1U|:C2 @+ 22 + 2a @l 33)

Clearly, when k — 0, i.e., C - o, the above reduces to the classical value determined by
Stokes (since in that case the porous sphere behaves like a solid sphere and «’ = 0). For
nonzero values of %, it is found that the drag in a porous sphere is lower than that of a solid
sphere and that it decreases when k increases.

It is of some interest to express asymptotic values of the drag D in equation (33) for low
and high values of the permeability parameter, k(= 1/C?). For large permeability we can
write y,(a)/y,(a) in (33) as

n@ |1 cosh (Ca) sinh (Ca)
o = g o[ =50 -]

C 17! 3 3a a

Subsitution of (34) in (33) and further simplification gives

nUa[a 4 a* a’
For low permeability we can approximate y, (a)/y,(a) by

n@ _ a
@ ~e =k

and in this case (33) gives

D = 6u1tUa|:l—\/E+O<k)]. (36)

a a’

We point out that both the above expressions agree with the results of Higdon and Kojima
[6] who had derived them by solving integral equations.
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